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Abstract
Kinematics in Finsler space is investigated. It is showed that the result based
on the kinematics with a special Finsler structure is in good agreement with
the reported value of secular trend in the astronomical unit, dAU/dt = 15 ±
4[m/century]. The space deformation parameter λ in this special structure is
very small with scale of 10−6 and should be a constant. This fact is consistent
with the reported value of an anomalous secular eccentricity variation of the
Moon’s orbit.
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The rapid progress in technology make the astronomical observations more and
more accurate. New physical phenomena have appeared, which can not be explained
by conventional physical mechanisms. The most well-known, among them, is the accel-
erated expanding universe [1] and the flat rotational velocity curves of spiral galaxies
[2]. The astronomical units (AU) is the fundamental and standard scale in astronomy.
The latest planetary ephemerides [3] presented the accurate value of AU with tiny error
1[AU] = 1.495978706960× 1011 ± 0.1[m]. (1)
However, the recent reports from Krasinsky and Brumberg [4] and also from Standish
[5] show a positive secular trend in AU as dAU/dt = 15±4 [m/century]. These authors
have analyzed all available radiometric measurements on distances between the Earth
and the inner planets including observations of martian landers and orbiters. This
value is about 100 times larger than the current determination error of AU [3]. The
theoretical value of round-trip time of radar signal is given as
ttheo =
dtheo[AU]
c
, (2)
where dtheo is interplanetary distance obtained from ephemerides and c is the speed of
light. The secular trend was obtained by the following formula
ttheo =
dtheo
[
AU + dAU
dt
(t− t0)
]
c
, (3)
where t0 is the initial epoch. Currently, none of theoretical predictions is consistent with
the time dependent term dAU
dt
(t− t0). To explain this fact, physicists have made several
attempts, such as the effects of the cosmic expansion [4, 6, 7], the time variation of
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gravitational constant [4], mass loss of the Sun [4, 8], and the influence of dark matter on
light propagation in the solar system [9]. However, none of them seems to be successful.
Recently, one sound model have been proposed [10]. It assumes the existence of some
tidal interactions that transfer the angular momentum from the Sun to the planets
system, and makes use of the conservation law of total angular momentum to explain
the secular trend in AU. This model also need more work before it can be considered
to be viable.
As we mentioned in the beginning of this Letter, general relativity faces problems
indeed. Also, analyzing the data from pioneer 10 and 11 spacecraft show that an
anomaly acceleration exists in the solar system, which can not be explained by the
Newtonian gravity and general relativity [11]. Finsler geometry is a natural generation
of Riemann geometry. The gravitational theory based on Finsler geometry supplies a
reasonable way to solve the problems mentioned above. In a previous paper [12], we
proposed a modified Friedmann model based on the Einstein equations in Finsler space,
which guarantees an accelerated expanding universe without invoking dark energy.
Also, in the framework of Finsler geometry, the flat rotation curves of spiral galaxies
can be deduced naturally without invoking dark matter [13]. Special relativity in
Randers (a special kind of Finsler space) [14] has been investigated [15]. We found
that the anomalous acceleration observed by Pioneer 10 and 11 is corresponded with
a special structure of Randers space [16].
In this Letter, we will discuss the secular trend in AU in the frmework of Finsler
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geometry. We notice the difference between lengths in Finsler geometry and Riemann
geometry. The length in Riemann geometry is a function of positions. However, this is
not the case in Finsler geometry. In Finsler geometry, the length is a function of both
positions and velocities. Finsler geometry is base on the so called Finsler structure F
with the following property F (x, λy) = λF (x, y), where x ∈M represents the position
and y ∈ TxM represent velocity, M is an n-dimensional manifold. The Finslerian
metric is given as [17]
gµν ≡ ∂
∂yµ
∂
∂yν
(
1
2
F 2
)
. (4)
Then, gµν defines a Riemannnian metric
gµνdy
µ ⊗ dyν (5)
on the punctured tangent space TxM\0 [18]. It admits the unit tangent sphere (or indi-
catrix) IxM ≡ {y ∈ TxM : F (y) = 1} as smooth Riemannian manifold. Topologically,
IxM is diffeomorphic to unit sphere S
n−1 in Rn. The volume form of the indicatrix
IxM is
√
g
n∑
µ=1
(−1)µ−1 y
µ
F
dy1 ∧ · · · ∧ dyµ−1 ∧ dyµ+1 ∧ · · · ∧ dyn, (6)
where g denotes the determinant of the metric gµν .
All the trajectories of planets in the solar system almost lie in the same plane, the
eccentricity of planets (exclude Mercury and Pluto) is very small. Thus, the trajectories
of planets can be considered as circular orbit which embedded in three dimensional
space. It is well-known that in Euclidean space the length of unit circle equals 2piE or
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the value of 2 × 3.1415926 · · · . However, in Finsler space it is typically not equal to
2 × 3.1415926 · · · . In Finsler space, as mentioned in (6) the 2-dimensional indicatrix
I2xM has length element
ds =
√
g
F
(
y1
dy2
dt
− y2dy
1
dt
)
dt, (7)
where t is a real parameter. Then, the length of the indicatrix I2xM is
L ≡
∫
F=1
ds. (8)
Here, we confine the Finsler structure F as Randers type
F =
√
(y1)2 + (y2)2 + λy1, (9)
where the parameter λ, in general, is a function of positions. Introduce polar coordi-
nates on I2xM , y
1 = r cosφ and y2 = r sinφ. The determinant g in polar coordinate
is
g =
(
1
r
)3
. (10)
Thus, the length L is of the form
L =
∫ 2piE
0
1√
1 + λ cosφ
dφ. (11)
Here, we can see from the integral (11) that the length L equals 2piE only if λ takes
value of 0. Since the Modification on the Newton’s gravity is very tiny, we suppose
that λ is very small. Hence, to second order in λ, the length can be derived as
L =
∫ 2piE
0
(
1− λ
2
cosφ+
3λ2
8
cos2 φ
)
= 2piE
(
1 +
3λ2
16
)
. (12)
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The equation (12) tells us that the value of pi in Finsler geometry is
piF = piE
(
1 +
3λ2
16
)
. (13)
In Newton’s gravity, the orbital angular momentum of planet is conserved. In other
word, the second law of Kepler is valid. The line joining a planet and the Sun sweeps
out equal areas during equal intervals of time, dA
dt
= L/2m. Where A is the areas,
L is the orbital angular momentum and m is the mass of the planet. However, the
report from Krasinsky and Brumberg [4] implies that during equal intervals of time
the area sweep out by the line joining a planet and the Sun is increasing. Unlike the
explanation of Miura [10], we attribute this phenomenon to the different value of pi in
Finsler geometry. In Finsler space of Randers type, the area of disk with boundary
(F = R) is piFR
2. Then, the difference between the areas of disk in Riemann geometry
and Finsler geometry is
δA ≡ piFR2 − piER2 = 3λ
2
16
piER
2. (14)
Making use of the result of Krasinsky and Brumberg, we get
d2A
dt2
=
L˙
2m
=
√
GM⊙/R
4
R˙, (15)
where the dot denotes derivative respect to time andM⊙ is the mass of the Sun. Hence,
the increased area of disk in one orbital periods of planet is
δA =
1
2
d2A
dt2
T 2 =
(
piER˙
2
√
GM⊙/R
)
piER
2, (16)
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where T is the orbital periods of planet and we used the Kepler’s third law to get the
second equation of (16). Combining the equation (14) and (16), we obtain
λ =
√
4R˙
3R
T. (17)
Here, by taking the average value of dAU/dt, we list the values of the λ for each planet
of the solar system respectively in Table 1.
The values of the λ given in Table 1 are very close for inner planets. One should
notice that the analyzed data of distances [4] is in the range of inner planets and
Martian landers and orbiters. This fact implies that the space deformation parameter
λ should be a constant in the solar system. By analyzing the data of Table 1, we obtain
the value of the constant parameter λ = 1.0776× 10−6.
A recent orbital analysis of Lunar Laser Ranging (LLR) [19] shows an anomalous
secular eccentricity variation of the Moon’s orbit (0.9± 0.3)× 10−11/yr, equivalent to
an extra 3.5 mm/yr in perigee and apogee distance [20]. By supposing the variation
of the distance from the center to focus and the semi-major axis be the same in the
moon orbit, namely δa = δc, we obtain
δa =
aδe
1− e . (18)
Here, a denotes the semi-major axis and e denotes eccentricity. By making use of
equation (18) and the observation data of LLR, we obtain the secular variation of
Moon orbital semi-major axis as
δa = 3.62± 1.20 mm/yr. (19)
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Table 1: The values of semi-major axis of the planetary orbit aPL and orbital periods
of planets TPL given in Ref.[3]. The space deformation parameter λ refers to different
planets are listed.
Planets aPL(AU) TPL(years) λ(10
−6)
Mercury 0.38709893 0.240840253 0.910799787
Venus 0.72333199 0.615171854 1.064875317
Earth 1.00000011 1.0 1.154700475
Mars 1.52366231 1.880815968 1.282915811
Jupiter 5.20336301 11.85631638 1.743019298
Saturn 9.53707032 29.42300556 2.028174849
Uranus 19.19126393 84.01058299 2.415931289
Neptune 30.06896348 164.7856303 2.703147899
Pluto 39.48168677 247.6753567 2.892097417
Under the premise that λ is constant, and by making use of equation (17), we
obtain the secular variation of Moon orbital radius R˙M = 4.48 mm/yr. This result is
consistent with formula (19). Thus, our hypothesis that the parameter λ is constant is
supported by the observation of LLR.
The uniform space deformation means that the secular trend of planetary orbits are
R˙P l ∝ R−1/2. We list the values of R˙P l for each planet of the solar system respectively
in Table 2. We wish this could be tested in future astronomical observations.
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Table 2: In the case of the uniform space deformation (λ = 1.0776× 10−6), the secular
trend of each planet orbit are listed.
Planets R˙PL[m/century]
Mercury 21.0
Venus 15.4
Earth 13.1
Mars 10.6
Jupiter 5.73
Saturn 4.23
Uranus 2.98
Neptune 2.38
Pluto 2.08
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